We consider the possibility of characterizing Buchsbaum and some special generalized Cohen-Macaulay rings by systems of parameters having certain properties of regular sequences. As an application, we give a bound on Castelnuovo-Mumford regularity of so-called (k, d)-Buchsbaum graded Kalgebras.
Introduction
Let A be a noetherian local ring (resp. K-algebra) of dimA = d and m the maximal (resp. homogeneous maximal ) ideal of A. A is called a generalized CohenMacaulay (abbr. C-M) ring if all local cohomology modules H i m (A), i < d, are of finite length [19] . The class of generalized C-M rings are rather large. The most important subclass among them form Buchsbaum rings [20] . In order to have a unified approach in studying Buchsbaum, quasi-Buchsbaum, and other generalized C-M rings, the notion of (k, r)-Buchsbaum rings was recently introduced, where k ≥ 0 and 1 ≤ r ≤ d are some integers (see [6, 10, 14, 15] ). With this new notion we have a refined classification of generalized C-M rings. Buchsbaum rings are exactly (1, d)-Buchsbaum rings.
Our remarks are related to the possibility of characterizing Buchsbaum rings by systems of parameters (abbr. s.o.p.'s) having certain generalized properties of regular sequences. We shall do it in a more general context by considering also (k, d)-Buchsbaum rings.
In Section 2 we will give a characterization of Buchsbaum rings with H i m (A) = 0 for i = depthA, dimA by the help of only one s.o.p.. This is related to a problem posed by J. Stückrad and W. Vogel [20, p. 87] . Such a ring is important because it is related to the C-M property of Rees algebras of certain powers of parameter ideals of A [2] .
A relative regular sequence (abbr. r.r.s.) [5] , or equivalently, a d-sequence [12] is a kind of (I, J)-r.r.s.'s of A, where J ⊆ I are ideals of A (see Definition 3.2) . Buchsbaum rings can be good characterized by d-sequences [12] , whereas there exists a local ring which is not a Buchsbaum ring, although every s.o.p. x 1 , ..., x d of A is a r.r.s. with respect to the ideal (x 1 , ..., x d )A in the sense of [5] . Such an example will be given in Section 3. In this example every s.o.p. of A is also a so-called sequence of linear type [3] . Some properties of sequences of linear type will be also given.
In the last section 4 we study Castelnuovo-Mumford regularity [4, 10, 21 ] of a (k, d)-Buchsbaum K-algebra A. Using the property that some s.o.p. of A is an (A, m p )-r.r.s. for some well-defined p, we can give a bound on Castelnuovo-Mumford regularity of A in terms of reduction exponent of m and k, d, which extends a result of [23] in the case of Buchsbaum rings.
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Buschbaum rings with H
In general, Buchsbaum rings are hardly characterized using only one fixed s.o.p. (see [20] , Problem on p. 87). In a special situation, when H i m (A) = 0 for i = depthA, dimA, Proposition I.2.12 of [20] gives such a characterization. Such rings deserve our attention because of the following result of M. Brodmann, which generalizes a result of S. Goto 
The above mentioned result of [20] depends still on the knowledge of local cohomology of A. Here we shall give a characterization free of local cohomology. Let us recall some definitions.
Let x 1 , ..., x n be a sequence of elements of a commutative ring R. Throughout this paper we will use the notations: q 0 = 0; q = (x 1 , ..., x n )R, and From now on let A be a local ring of dimension d. One can characterize kBuchsbaum rings by one fixed s.o.p. (see [20] , Proposition I.2.1 and Proposition 13 in the appendix). Here we give another one. 
Lemma 2.5 A is a k-Buchsbaum
and
where
and this module is of finite length. From (1) we then get
we get from the above isomorphisms and the exact sequence (2) epimorphisms: 
.., x r is a regular sequence, and (N 1 , N 2 ), or shortly (N 1 , N 2 ) -r.r.s., if N 2 )-r.r.s. is exactly a r.r.s. introduced by the first named author in [5] , or equivalently, a d-sequence introduced by C. Huneke [12] , [13] . For a graded ring A = ⊕ n≥0 A n with m = ⊕ n≥1 A n , P. Bouchard has considered (N 1 , N 2 )-r.r.s.'s with
3) There exists a s.o.p. of A contained in m k which satisfies the above conditions ii), iii) and iv).
(q i−1 N 1 : x i ) ∩ N 2 ⊆ q i−1 M, i = 1, ..., n. If N 1 = N 2 = N, it is also called an N-r.r.s. of M.
This definition includes various generalizations of regular sequences. If we set
. Weakly regular sequences considered by M. Herrmann et al. [8] , [17] are (N 1 , N 2 )-r.r.s.'s in the graded case with N 1 = A and N 2 = m k for some k. In each case, a suitable choice of N 1 and N 2 turns out to be a good tool in studying various quetions of commutative algebra (see also the next section for an application). The following result of [3] , Theorem 3 extends a result of C. Huneke and G. Valla. 
Lemma 3.3 Let
Inspired with the fact that Buchsbaum rings can be characterized by various generalizations of regular sequences (see [20] , Proposition I.1.17), and from the above diagram it is raised for us a quesion : Can we characterize Buchsbaum rings by sequences of linear type and by s.o.p. satisfying (*), respectively? We shall give a counter-example to it. We need the following auxiliary result which is the converse of Lemma 3.3 in a particular case. A is a domain or a generalized C-M Proof. By Lemma 3.3 one has only to prove the implication (⇒). = 0 (by [3] , Lemma 4).
Proposition 3.4 Assume that
We may assume that u = y t a for some a ∈ A. Then a ∈ x(x, y) t A : y t+1 = xA : y (by [3] , Theorem 4). Hence ya ∈ xA, so u = y t−1 (ya) ∈ x(x, y) t−1 A, as required.
Example 3.5 This example shows that Proposition 3.4 is not true without any assumption on
. Since x + z is a non-zero divisor, using Lemma 3.3 one can show that x + z, y is a sequence of linear type. On the other hand, y is a d-sequence because 0 : y = 0 : y 2 = xA. Hence y, x + z is also a sequence of linear type. But
That means, y, x + z does not satisfy (*) even for t = 1. Otherwords, y, x + z is not a r.r.s. w.r.t. (y, x + z)A in the sense of Definition 3.2.
Example 3.6 There exists a local ring A which is not Buchsbaum, but every s.o.p. of A satisfies the condition (*) for all t ≥ 1, and hence, by Lemma 3.3, is also a sequence of linear type. Indeed, let
It is easy to see that A is a two-dimensional generalized C-M, but not Buchsbaum local domain with m = (s 2 , s 5 , st, t)A. We will show that A has the above property.
Proof.
A has the following property: 
Castelnuovo-Mumford regularity
In this section we will consider K-algebra, i. e. noetherian graded rings A = ⊕ n≥0 A n , where A 0 = K is an infinite field, and A is generated over K by A 1 . Let m = ⊕ n>0 A n be the unique homogeneous maximal ideal of A. Analogy to Section 2, one can define the notion of generalized C-M rings, etc. for the graded case. We define Castelnuovo-Mumford regularity regA of A by
The significance of this notion stems from the fact that regA governs the complexity of computing the syzygies and other invariants of A [4] . For further informations, especially for Castelnuovo-Mumford regularity of generalized C-M K-algebras, see [10] , [11] , and [21] .
To get the main theorem of this section, let us recall the notion of minimal reductions of an ideal [16] . If I, J are ideals of A, Then J is called a reduction of I if J ⊆ I and I r+1 = JI r for at least one non-negative integer r. If J is minimal with respect to being a reduction, then it is called a minimal reduction. Since K is infinite, any homogeneous ideal of A has a minimal reduction. The reduction exponent r(I) of I is just the least non-negative integer n such that there exists a minmal reduction J with I n+1 = JI n . There are some relations between r(m) and regA in [23] . The following theorem extends [23] , Corollary 3.5 which states that regA = r(m) if A is a Buchsbaum ring. A is a (k, d) 
Theorem 4.1 Assume that
Proof. The first inequality was proven in [23] , Proposition 3.2. We shall prove the second one. Let r = r(m) and J be any minimal reduction of m such that m r+1 = Jm r . It is well-known that J is generated by d linear forms Obviously, a(x) ≤ p and r + 1 ≤ p. So regA ≤ p − 1, as required.
Note that in Theorem 4.1 we need no assumption that A is to be a domain (cf. [21] and [10] ). Unfortunately, in general we do not know how large is r(m). On the other hand, if r(m) is small then we can have a good bound on regA. For example, On the other hand, since deg x n ≥ deg x n−1 ,
Hence we get from (**) and (2) This can be easily deduced from [5] and an exact sequence of Koszul homology derived from the exact sequence
(cf. also [9] , 6.1.2). If (x 1 , ..., x n )M ⊆ N 2 we cannot find in references any similar result.
